ON THE PREVALENCE OF ZERO ENTROPY

BY
KARL SIGMUND

ABSTRACT

For a residual subset of the space of discrete stationary stochastic processes
(under the weak topology for measures ) the entropy is 0. The processes with
arbitrarily large entropy are dense. For a residual subset of subshifts of the
shift on a finite alphabet, the topologicai entropy is 0.

Let(X, &, m)be a Lebesgue measure space and .7 the space of measure preserving
transformations under the weak topology. In [6], Rohlin proved that for a residnal
set in 7, the entropy vanishes. In this sense, a measure preserving transformation
has “‘in general”” entropy zero.

There are two additional situations in which once again entropy is generically
equal to zero. The first part of this note shows that in the space of real valued
discrete stationary stochastic processes under the weak topology, the processes
with zero entropy form a residual set. (Here a transformation is fixed and the
measure varies.) In the second part, one considers the finite alphabet % and the
space &~ of bilateral sequences in .. The space of subshifts of #Z (that is, the
space of compact shift invariant subsets of #%) becomes a compact metric space
under the Hausdorfl metric. The set of subshifts with topological entropy zero
is again a residual set.

Itis a pleasure to thank Benjamin Weiss for helpful conversations, and especially
for suggesting Theorem 3.

1. On the entropy of stationary stochastic processes

Let Z denote the integers, R the real line and R the set of bilateral sequences in

R with the product topology. Let T: R“— R% denote the shift transformation
given by (Tx); = X, +,, Where X, is the kth coordinate of x € R%(— o0 < k < 0).

Received June 5, 1971
281



282 K. SIGMUND Israel J. Math.,

Let M denote the space of (Borel) probability measures on R*which are invariant
under T. Let I be given the weak topology for measures: in this topology,
a sequence 1, € IR converges to u € Miff [fdp, converges to [fdu for all continuous
bounded real valued functions f on R% Since R?is a complete separable metrizable
space, M is a complete separable metrizable space (see [5], th. 6.2 and 6.5).

A real valued discrete stationary stochastic process is a triple (R% T, u) where
wis in 9.

A collection € = {C,,+-,C,} of finitely many subsets of R”is called a Borel
partition of RZif the C; are pairwise disjoint Borel sets whose union is R%. For
peM one writes

h(€) = — 2 Clogu(C)
If € is a Borel partition, one writes €™ for the Borel partition whose ¢lements are
(Y=6T~*C,, (with C; €%) and defines
h(T,%) = lim %—hu((g'")

(this limit always exists) and

h(T) = suph (T.,%).

h(T) is called the entropy of the stochastic process (R% T, p). For fundamental
theorems on entropy see [7].

We shall prove:
THEOREM 1. For a dense G; of measures peR, one has h(T) = 0.

THEOREM 2. For any K >0, the set of measures p such that h(T) 2 K is
dense in IN.

For the proof of Theorem 1 (which is similar to th. 6 in [8]), we define for every
n >0 a class &, of subsets of R” which will be a Borel partition of R*into y-con-
tinuity sets—not for all, but for “most”” yx of M.

Let J, denote the collection of integers j with | j | < n 2" For any (2n+ 1)-tuple
(G_p>"*sJn) of elements of J,, set

AG_pysj)={x=(x)eR?: j, - 27" < x, <(j + 1) - 27" for all ke [—n,n]}.

Let &, be the class consisting of all sets of this form and the set A(n) which is the
complement of their union. &, is a Borel partition of R%, Define

F(n) = {x = (x,) € R?: x, = ji, » 27" for some ke[ —n,n] and some j & J,}.
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LemMA 1. F(n) = F(n + 1). The boundaries of elements of £, are contained
in F(n). The boundaries of elements of the form (i~ _,, T~*B,_(with By €¢,)
are contained in U;‘f’:lF(n).

Let 4" denote the set of u et such that u(F(n)) =0 for n =1,2,---.
Lemma 2. R is a G; in M.

Proor. Let C(r,n)= {ueIM: u(F(n)) = 1/r}. Suppose w, is a sequence in
C(r,n) converging to pe. Since F(n) is closed, it follows from [5], th.6.1, that
u(F(n)) = limsup w(F(n)) 2 1 /r, and hence pe C(r,n). Thus C(r,n) is closed,

§‘°=1U,‘:°=1C(r, n)is an F, and its complement is a G; in 9.

Let x € R? be a periodic point of period s, and denote by p, the invariant measure
concentrated on the periodic orbit of x: it has mass 1/s at the points x,T'x,---,T°~ .

Measures of this form will be called p.o.-measures. By a simple modification of
[3], th. 2, one obtains

Lemma 3. Every pue¥t can be approximated by p.o.-measures belonging

to M.
LeMMmA 4. R is a residual set in M.
LeMMA 5. The set Ry = {neN: h(T) =0} is a dense G; in N.

Proor. (1) The denseness of N, follows from Lemma 3 since p.o.-measure
have entropy zero.

(2) The sequence £, is a nondecreasing sequence of partitions, and one has
Vu=1&, = ¢, where ¢ is the partition of RZinto distinct points. It follows by [7]
th. 9.5 that h(T,&)1h,(T). Hence

No={ueR:h(T.{)=0forn=1,2--} = ﬁ () {ueR:h(T,8)<1/r}
n=1 r=1
Since by [7], th. 7.4.:

m

. . 1 - .
h(T;t,) = hmmfz—mhu ( v T én),one obtains

0 w0 [ [ed] 1 m _i
om0 Y, et Y, ) <1
Let 4 be an element of \//L_, T, By Lemma 1 and the definition of
N, u(0A4)=0 holds for all z e N. Hence, if p, is a sequence in N converging weakly

to ueM, it follows by [5], th. 6.1, that u(A) converges to u(A4) and thus that
h, (Vi _,T~',) converges to h,(\/re_,T~).
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Therefore, the sets

1 " .
{ﬂem:m—ihﬂ ( \/ T_lén) = 1/}"}

t=—m

are closed in N, and N, is a G, in N.

Theorem 1 now follows from Lemma 4 and Lemma 3.

For the proof of Theorem 2, we approximate p.o.-measures by Markov chains
with finitely many states, as in Parthasarathy’s proof that strongly mixing processes
are dense (see [4], th. 1). In order to bound the entropy of the Markov chain
from below, however, it is convenient to consider processes with values in a
compact space.

Let R be the extended real line and R” the set of bilateral sequences in R with
the product topology. Let T (as before) denote the shift and let 9N be the space
of T-invariant probability measures on R” with the weak topology.

LEMMA 6. Let there be given a pe such that p(R®) =1 and an sy > 0.
Then u can be approximated by p.o.-measures /,Lxeﬁ where x = (x;) is in R% x
has period s sy and x; #x; if i#j, 1 Si,j<s.

This lemma can be proved by another easy modification of Oxtoby’s proof of
th. 2 and remark 3.4 in [3].

LEMMA 7. Letp eM with p(R*)=1 and K > 0 be given. Then every neighbor-
hood V of u contains a peI with p(R*)=1 and h(T) 2 K.

ProofF. One can assume that ¥V is of the form
Vifyoenafyi 6) = (e M | {fjdu— ff,.dv| <8 for j=1,--7)

where 6 > 0 and the f; are in C(R?) (the set of continuous real valued functions
on RZ? with sup norm). One can further assume that there is an N such that, for
j=1,-,r, one has fj(x)=f,(») if x;=y; for — N <i < N. Indeed, since R is
compact, functions of this kind are dense in C(R?).

Let M be an upper bound for {|f(x)|: xe R% j=1,---,r}.Choose ¢ such that

e < (4M)~1272Ns
and
1—(1 - <@M)~1s.

Choose s, > 0 such that

elog(sp— 1) — eloge — (1 —&)log(l — &) = K.
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By Lemma 6, there is an x = (x;) € R* with period s = s, such that the x4, -+, X,
are different from each other and u, e V,(f1,-f,; 6/2).

Let p be the measure on R”given by the Markov chain whose states are x;, ...,X;
whose initial probabilities are given by the s-tuple (1/s,...,1/s) and whose transition
probabilities are given by the s x s-matrix (p;;) where

ps.l—__l'—s

Piivr=1—c¢eforl<i<s

£ .
i otherwise.

Pij=

The entropy for a stochastic process given by a Markov chain with initial
probabilities 7; (1 < i <) and transition matrix p; (1 £4,j £ s) is given by
EU ; p;; - log p;. Therefore, one obtains

h(T) = elog(s — 1) — eloge — (1 — e)log(l — g) = K.

In order to evaluate | {f,du.— [fid p|, one remarks that the integrals depend
only on the values of f; on thin (2N + 1)-cylinders of the form (a_ y,a_y+1,"*5@ )
where a;€ {xy,:-+,x;} for — N i< N. The s?¥*1 cylinders of this form split
into two groups P and Q. P consists of those (2N + 1)-cylinders which contain an
element of the orbit of x. P has s elements and

IJ‘Pfjdﬂx—‘L'fjdpléM.(l -Q —8)2N+1)<5/4

The second group, Q, splits in turn into @, ---,Q,y, Where Q,, is the set of those
(2N + 1)-cylinders for which it happens at exactly p places k that a, ., is not the
“natural follower”’ of a,, in the sense that, if a, = x; and a,,, = x,, one has not

m=1+1 (mods). Q, has s ( Z;V) (s — 1)? elements. Hence

el 52 () e=vroaw < () e ()

Since f fidp, =0, it follows that
g

Hfjdux—ff]dp’gM-s-zz”dm
JQ Q

Therefore, one has peV, (f;, .f;8/2) and hence pe V,(f;--,f:; 6). This
proves the lemma.
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The proof of Theorem 2 now follows easily: if u’ e M is given, it can be considered
as an element u of M satisfying u(R%)=1. By the preceding lemma, there is a
sequence p, in M converging weakly to u, with p(R%) =1 and h,(T) =z K for
n=1,2---. A standard argument shows that the measures p, induced by p, on R*
converge weakly to u’ in I (see, for example, [3] prop. 6.1).

2. On the topological entropy of subshifts

Let % be a finite set with discrete topology, ' the set of bilateral sequences in
& with the product topology, T': %~ &*the shift map. As metric for the compact
space F“one can choose

d(X,.V) = kZZ 2—(k15(xkayk)

where & is the Kronecker function on .

The Hausdorff metric d on the space of closed subsets of the metric space
(&7%,4d) is given by d(4, B) = max[max, . qmin, . 5d(x, y), max, . gmin, . 4d(x, y)]
for A, B closed in &% By a well-known theorem of Hausdorff, the compactness of
the space of closed subsets of % follows from the compactness of <.

Let Z(%) denote the space of all subshifts of FZ, i.e., the space of all closed
shift invariant subsets. Under the topology induced by the Hausdorfl metric,
Z(S) becomes a compact metric space.

To the element A of £(&) corresponds the dynamical system consisting of the
compact set A and the homeomorphism obtained by restricting T to A. A measure
for the size of A is therefore given by the topological entropy h(A) as defined in
[1]. Let H_(A) denote the number of different m-blocks occuring in A. (The
m-block (by, -+, b,,) occurs in A if there is an x=(x,) in A with x;=b;, i=1,---,m).
Since H,,.,(A) < H,(A) - H(A), one easily sees that lim 1/n log H,(A) always
exists and is equal to inf 1/n log H,(A). It is well known that this limit is just
h(A). (Cf., for example, [2]).

THEOREM 3. For a dense G, of subshifts Ae L(F), one has h(A) =0.

For the proof, one needs a characterization of &-balls in £(%).For given
Ape P(F) and N =1,2,--, let K(N, A,) denote the set of all Ae L(&) which
have exactly the same N-blocks as A,.

LEMMA 8. The K(N, A,) form a basis for the neighborhoods of Aye Z(¥).

Proor. If Aisin K(2N+1,A,), one can find by the shift invariance of A and
A, for each xe A, a y € A with the same centered (2N + 1)-block. Hence, x; = y;
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for —N < i £ N, and therefore d(x, y) < 27", Similarly for each y € A, there is an
xe A, with d(x,y) <27 Y. Hence

KN +1,A) = {Ae L(&): d(A, Ay) <277}
LemMMA 9. The function h: L(¥)— R * is upper semicontinuous.

Proor. Let a > h(A,) be given. There exists an N such that 1/2N+1) x
log Haoyyq (Ag) < a. If d(A, Ap) €277, then A has the same (2N +1)-blocks as A,
and hence H,y.,(Ag) = Hyny (A). Since h(A) =inf 1/n log H(A), it follows
that h(A) < a.

LemMa 10. The set of Ae L(¥) with h(A)=0 is a G,.

Proor. By the upper semicontinuity of h, the set {A: h(A) = 1/k} is closed.
Thus the set of all subshifts with positive entropy, which can be written

U {AeL(9): h(A) = 1]k}
k=1
is an F,.
LeMMA 11. The set of Ae L(F) with W(A)=0 is dense in L(¥).

Proor. Let ¢ >0 and A,e.Z(¥) be given. Choose an integer N such that
27V < eand let Z/={4,,--, 4;} be the collection of all (2N +1)-blocks cccuring
in Ag. The block 4;=(a G af%+,) is called a successor of the block A,
=(a®,-,al.)) if ¥ =alf), for 2 <k <2N; A, is called predecessor of A;
Clearly each A4,e ./ has at least one successor and one predecessor in 7.

Starting with 4 = (a4,..,a,54+1) €%, one can build a bilateral sequence b(A4)
with elements in % as follows. Let A4, €.+7 be a successor of A, 4,, € .o/ a successor
of A4, etc. Thereis an h < I such that A, = 4, for some j < h. The right extension
of A will consist of the block

(r1) (r2) (ry-1)
Ay Ay AaN+1 AoN+1 G2N+1 """ QaN+1

followed by repeated juxtapositions of the block a¥#,; a%i%y) .- al%:%. The
left extension of A is obtained by concatenating predecessors in a similar way.

All (2N + 1)-blocks of the resulting sequence b(A4) are elements of 7. Since
both tail ends of b(A) are periodic, one easily sees that the subshift ¢ (A4) consisting
of the closure of the orbit of b(A4) has topological entropy zero. Therefore, the
subshift A = U 4c #0(7) has entropy zero, and the (2N + 1)-blocks of A are
exactly those of 7, i.e., those of A,. Hence d(A,A,) <27~ <e, and the lemma
is proved.
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Theorem 3 follows from Lemma 10 and Lemma 11.

ReMARK. The set of Ae (&) with h(A) > 0 is not dense in Z(F). Indeed,
the subshift A, given by the orbit of a periodic point in & with minimal period p
has entropy 0, and cannot be approximated since K(p,A,) consists of A, alone.
However, one can show that the subshifts with positive topological entropy are
dense in the set Z(F) < £(#) consisting of all non-isolated points.

REMARK. Theorem 3 can be considered as a topological analogue of Theorem 1,
with topological entropy replacing metric entropy. It seems doubtful whether
there exists for topological entropy a counterpart of Rohlin’s theorem, which
says that metric automorphisms have generically entropy zero (and automorphisms
with positive entropy are dense) in the set of measure preserving transformations
with the weak topology (see [6]). Indeed, the space of homeomorphisms of the
torus (with the C° topology) contains an open set of transformations with posi-
tive entropy. (This is an immediate consequence of [9]). On the other hand, all
homeomorphisms of S* have topological entropy zero (see [1]).
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